Journal of Statistical Physics, Vol. 78, Nos. 3/4, 1995

Gaussian Limit for Critical Oriented Percolation in
High Dimensions
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In this paper, we consider the spread-out oriented bond percolation models in
Zx Z with d>4 and the nearest-neighbor oriented bond percolation model in
sufficiently high dimensions. Let n,, n=1, 2,..., be the random measures defined
on RY by
Ml )= T Lax//m) 1000 omy
.TEZ‘

The mean of n,, denoted by 7,, is the measure defined by

a(Ad) = E,[n,(A)]

We use the lace expansion method to show that the sequence of probability
measures [7,(R%)]~'#, converges weakly to a Gaussian limit as n— oo for
every p in the subcritical regime as well as the critical regime of these percola-
tion models. Also we show that for these models the parallel correlation length

&p)~lp.—pl~'as ptp..

KEY WORDS: Oreinted percolation; connectivity function; lace expansion;
infrared bound; Gaussian limit; critical exponent; parallel correlation length;
mean-field behavior.

1. MOTIVATION AND MAIN RESULTS

Consider the independent Bernoulli oriented bond percolation models
defined on the (d + 1)-dimensional lattice Z¢x Z as follows. Draw for each
ordered pair of sites {(x, n), (y,n+1)} in Z?x Z an oriented bond from
(x,n) to (y,n+1). Let each oriented bond be independently open with
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probability p, . and closed with probability 1 — p. .. We assume the trans-
lation invariance and the symmetry by requiring that p, ,=p, .= pg , ...
Main results in this paper will be devoted to the following situations:

{I) Nearest-neighbor model:

_fp if |x|=1
Pox=10  otherwise

where |x| is the Euclidean length of x.

- (I1) Spread-out models: p, .= pg(x/L) L~ where the function g is
nonnegative and is defined on R, such that

I frug(x)dx=1
2. g has compact support.

3. g is invariant under rotations by n/2 and reflections in the coor-
dinate hyperplanes.

4. 09'g(x) is piecewise continuous and [ |8g(x)| dx < 0.
5. g(x), &'g(x) are continuous at 0 and g(0) > 0.

Here ¢’ means [1,.,d, for I< {1,2,..,d} and is interpreted as a ditribu-
tion. Notice that the spead-out models include the ones in which g(x)=
cqlyq <12; [here ¢, is a normalization constant such that {reg(x)dx=17;
1.e., in terms of their bond densities.

pe L™ i (x[< L2
Po.x= 0 otherwise

It is commonly believed that the spread-out models belong to the same
universality class as the nearest-neighbor model.

The probability and the expectation of the model with bond density
{Po..} will be denoted by P,, E,, respectively. Declare that (x, n) can be
reached from (y, m) if there is an open path connecting (x, n) from (y, m);
Le., there is a sequence of sites (ug, no) = (y, m), (uy, n)),..., (u;, n;) = (x, n)
such that for each i=1,.,j the bond {(u;,_,,n,_,), (u;,n;)} is open.
Denote this event by {(y, m)— (x,n)}. For convenience, we denote the
connectivity function P,((0,0)— (x,n)) by ¢(x,n) and assume that
@(0,0)=1; i.e., a site is connected to itself. We also use ¥(x, n) to denote
@(x, n)—1g0)(x, n), where 1, ,,(x,n) means 1 if (y,m)=(x,n) and O
otherwise. We then introduce the Fourier-Laplace transform (here and
from now on we use ¥, ,, to denote Y, ,,c¢x> Whenever there is no
ambiguity)

Glh,u+it)= Y et~ p(x, n) (1)

(x.n)
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for every (k,t)e[—m, n]“x[—n, 7] and ue(—o0, m,), where " is the
radius of convergence of the power series, expanded with respect to e,
z=u+it, of $(0, z). Clearly ¢(k, z)= P(k, z) + 1.

The quantity m, has been known as the mass gap or the inverse of the
parallel correlation length £(p), which is defined by

¢(p)=— lim (2)

n
n— o log Z,(0)

where Z, (k)= ..z e®*~¢(x,n). From (2) it follows that ¢'/‘?) is the
radius of convergence of the series defined by ¢(0, u).

Note that the limit on the right-hand side of the above equation exists
due to the following submultiplicative property:

Z,0)<Z,0)Z,_,(0) forevery me{0,1,2,.,n} (3)

[To show (3) we observe that if (0, 0) — (x, ), then for any me {0, 1,..., n}
there exists a (y, m)e Z9x Z such that (0,0)— (y, m) and (y, m) - (x, n);
hence,

P(0,0) > (x,n))< Y, P,((0,0) = (y, m)) P,({y, m)—(x, n))
vezd

We then sum over x € Z“ both sides of the above inequality to obtain (3).]
Let Co= {(x,n)e Zx Z: (0,0) - (x, n)} and set |C,| = the number of
sites in Cq4. Using the Fubini theorem, we can see that

Ep(|Co|)=Ep < Z 1{(.\'.11)5(‘0})

(x.n)

= Z Ep(l {(x.n)eCo})

(x,n)

=(0,0) (4)

Since E,(|Cy|) is nondecreasing with respect to p, we can define the critical
point

pe=sup{p: E,(|Co|) < o0}
Notice that we oﬁly consider pe (0, p...], where
Peax = L[sup{g(x): xe Z4}] "

for the trivial reason that sup{ p, .: xe Z*} < 1. It is not hard to show that
D < Pmax- LOWer bounds for p. can be obtained, as we can see below.

822/78/3-4-12
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For the spread-out models, by overcounting the paths connecting
{x, n) from (0, 0) we can show that

o(x, n) < (p/p.)" G(x, n) (5)
where

pLs[ » g(x/L)L—”]_l

xezd

and G(x, n) is the n-step transition function Prob(S, = x) of the random
walk S,=3>7_, X, in which X, are iid. with

E(e**)=D,(k)=p, ), glx/L)L ‘e~

xezd

Suming both sides of (5) over (x, n)e Z9x Z, we have for p< p,

Y olxn)< Y, (ppL)" Glx, n) < (6)

(x.n) (x,n)

Then (6) shows that p, < p..
Similarly, for the nearest-neighbor model, if p < 1/(2d) then we also
have

@(x, n) < (2dp)" G""(x, n)

where G""(x, n) is the n-step transition function of the simple random
walk; hence, 1/(2d) < p..

Remark 1. It is not hard to use the results of ref. 17 to show that
p.=1/(2d) + O(1/d?), which is, however, weaker than the result shown by
Cox and Durrett!” for an analogous nearest-neighbor oriented bond per-
colation model on Z¢ [in this model each site x e Z¢ is branching out to
d positively oriented bonds (x, x +e,), where {e,; u=1,.., d} are d canoni-
cal unit vectors in Z¢ instead of 24 bonds, and each oriented bond
(x,x+e,) is independently open with probability p and closed with
probability 1 — p] that the critical probability p.(d) behaves asymptotically
as

A +4d "+ o(d ) < pld)<d™' +d =2+ O(d~%)

It is easy to see that if m, >0, then E,(|Cy|) < c0. The converse of this
can be shown by using the Simon-Lieb correlation inequalities for percola-
tion as discussed in ref. 8. Thus

m,>0 il E,(|Col)< (7)

14
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In addition, one can apply Aizenman and Newman’s technique‘® to show

E,(|Col)= 0 and m,=0 if p=p. (8)

P

Furthermore, it is well known from ref. 1 or ref. 16 that

p.=inf{p: P,(|Cy| = 0) >0} %)
and from ref. 4 that

Py(ICol=0)=0 if p=p,

In our earlier paper!'”’ we applied the lace expansion method to
obtain the Aizenman—-Newman triangle condition (see refs. 2 and 3 for dis-
cussions on the triangle condition) and the following mean-field behavior.

Theorem 1. For the nearest-neighbor independent Bernoulli
oriented bond percolation model defined on Z“x Z with sufficiently high
dimensions d > d, and for the spread-out bond percolation models defined
on Z%x Z, d> 4, with sufficiently large L > L,, we have

Ep(|C0|)~(pc_p)_l as prc
P,(ICol=00)~(p—p.)* as plp.
Y P, (ICol=n)1—e ")~ h'"? as |0

lsng o

E(I1Col" " VEN(ICol ) ~(p.—P)™% as plp.

where E (|Col)~(p.—p)~7 as pTp. means that there are positive
constants K, K, such that K,(p.—p) "< E,(I1Col) < K,(p.—p)~", and
similarly for the others.

It was predicted by many physicists''®®) that, in addition to the critical
behavior described in Theorem 1, the critical exponent defined by &(p) also
takes the mean-field value, ie., as p{ p,

&p)~lp.—pl™! (10)

for the nearest-neighbor (and for the one that is of the same universality
class; e.g., the spread-out) oriented percolation model in dimensions d > 4.
The following theorem shows that this is indeed the case for the models
described therein.
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Theorem 2. For the spread-out independent Bernoulli bond
oriented percolation models defined on Z¢x Z with d>4 and sufficiently
large L= L, > L, we have the following infrared bound:

1
e L2 k1> + ¢y [t +¢5 5]

lp(k, m,—s+it)| < (11)

where ¢, ¢,, ¢ are strictly positive constants, uniformly with respect to
pe(0,p.], (k,)e[~m n)¥x[—=n, n], and s (0, 1].

Also for the nearest-neighbor oriented bond percolation model in
sufficiently high dimensions d>=d, > d,> 4, the same bound holds with
¢y, €, C3, L replaced by ¢, ¢5, ¢4, [, respectively.

To see why Theorem 2 implies (10), we insert s=m,, k=0, =0 in
(11) to obtain, for any p in a sufficiently small neighborhood below p,,

1

cym,

E,(|Col)=¢(0,0) <

(12)

On the other hand, from the submultiplicative property of Z,(0) we have
e "< Z,0) (13)
Summing over » the above inequality, we obtain for 0 < p < p,

1 < 3
_ Z e—mn,,g z Z"(O)=E,,(|C0|) (14)

—nip
n=0 n=0

1—e

Observing from Theorem 1 that E,(|Col)~|p.—p| "' as p1 p., we obtain
(10) from (14) and (12) since (1 —e~"7)~'>const-m, .

Remark 2. The bound (11) is an improved version of inequality (5)
of our earlier paper.!'”

Remark 3. The parallel correlation length of oriented percolation is
not analogous to the usual correlation length of unoriented percolation,
because the isotropic property holds only for the unoriented system. In
fact, it was shown by Hara"? that the correlation length of the connec-
tivity function of unoriented percolation behaves as |p— p.|~"? when

plp..

Furthermore, we define

'1n(f)= Z f(.Y/\/I_T) 1{(0.0)—-(,\'.11)}

xezd
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for every bounded Borel function f: RY — R. We think of 1, as the random
measures defined by #,(4)=#,(1,) for every Borel 4 = R?. The mean of
1., denoted by 1,, is the masure defined by

1.(A)=E,[n,(4)]

for every Borel A = R”. We are interested in the asymptotic behavior of the
renormalized probability measures [7,(R9)]~'7, as n — .

In ref. 21, using the lace expansion method, we showed that for every
pe (0, 1/4d] of the nearest-neighbor oriented percolation model in high
dimensions the probability measures [#7,(R?)] ™', converge weakly to a
Gaussian limit as 7 — c0. We now extend the analysis discussed in our
earlier papers''™2!) to show the following theorem.

Theorem 3. Consider the percolation models mentioned in
Theorem 2. Then the following statement holds:

For any given pe (0, p.] there exist strictly positive constants A, 4,
depending upon p such that as # — oo:

e*l"?lp . l
(a) Z"(O)=A0e'"ﬁ [1+0(n~")] forany se(O, 2)
2 1
(b) [Z,(0)17" > IxI?p(x,n)= dA"', n[1+0(n~*)] forany ae<0, —>
xezd AOE ’ 2

— k AI 2
© 12017 Z, (ﬁ)—’exp(—mlkl )

Note that since

i (e**) =Y explix.k/\/n) o(x, n) = Z,(k/\/n)
T(R) =Y o(x, n)=Z,(0)

so the measures [7,(RY)]~'#, converge weakly to a Gaussian limit.

It turns out. that in proving Theorems 2 and 3 we need to analyze
the connected part ¥,(x, n), whose Fourier-Laplace transform ¥ (k, z) is
defined via the renewal equation

1+ ¥.(k, z)
1—pp;le*D (k)1 + Y.k, 2)]

Bk, z)= (15)
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uniformly for 0 < p< p., Re(z) <m,. As shown in ref. 17, the connected
part ¥ (x, ¢) can be decomposed further into the lace parts ¥,(x, n) such
that

¥ (k, )= § Y Bk, z) (16)

for 0<p<p,., Re(z)<m,, ke[ —m, n]* In order to analyze ¥ (x, n) we
introduce various necessary quantities and derive some basic estimates that
will be needed for our analysis. Since these quantities are rather com-
plicated to define, it is convenient to represent them in terms of Feynman
diagrams. In the Feynman diagrams, the following notations will be used:

(y, m) > (x, n) represents o(x—y,n—m)
(y, m)+ (x, n) represents Y(x—y,n—m)
(y,m)—|| b represents P,((y, m) — bottom of b) P,(b open)

Further convention is that labeled vertices and bonds are fixed, but
unlabeled vertices and bonds are summed over the lattice Z¢ x Z.

In Section 2, we introduce the bubble functions Q{%),,(x, n), a=1, 2, 3,
the triangle functions T}i’m)(r n), «a=1,2,3, and the funtions E,(x, n),
1€{0,1,2,..}; see Figs. 1-4 for the Feynman diagrams of some of these
typical functions. We then use them to bound the lace parts as in the

following lemma.

Lemma 1. For/e{0,1,2,.} we have
Y,(x, n) < E/(x, n) (17)

The proof of (17) can be found in ref 17. Furthermore, we show
in Section 2 that the quantities |E,(k, z)| and their derivatives can be
estimated in terms of the Fourier-Laplace transforms of the bubble func-
tions and the triangle functions for ke [ —n, n]“ and Re(z)<m,.

In Section 3, we apply the basic estimates in Section2 and the
bootstrapping argument “(P,.) implies (Pg)” to obtain estimates on
¥ (k, z) uniformly for ke [ —n, n]? and Re(z) <m, and then use them to
prove Theorem 2. Notice that in ref. 17 the bootstrapping argument was
used to produce estimates on ¥ (k, z) for Re(z) <0. However, the proofs
of Theorems 2 and 3 require similar estimates for a larger range of z values,
Re(z) < m,,; therefore, more careful analysis is needed in this paper.

We note that Campanino et al.’® showed a Gaussian limit for the
rescaled connectivity function of nearest-neighbor unoriented percolation
for p< p, in all dimensions. We believe (even though we have not yet
checked) that their method can be applied to establish a Gaussian limit for
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the rescaled connectivity function of finite-range oriented percolation for
p<p,. in all dimensions since the power expansion of [¢(0,z)]~! (with
respect to w=e") is expected to have a radius of convergence which is
strictly larger than ™ in the subcritical region and from this a Gaussian
limit can be shown. Notice that the method of Campanino et al. can
produce a Gaussian limit in x space instead of a Gaussian limit in k space
as stated in our Theorem 2. While the method of Campanino et al. seems
more natural than the lace expansion method for the study of Gaussian
fluctuation of the connectivity function in the subcritical regime, their
method cannot be extended to the case at p, since at this critical density
it is expected that the power series of ¢(0, z) and [¢(0,z)1~" (expanded
with respect to w=e”) would have the same radius of convergence.
Furthermore, the Gaussian scaling limit of the connectivity function at
criticality is not expected to hold below the upper critical dimension. Thus
we need a kind of Tauberian theorem to take care of this complication. To
do this we use the fractional derivative method as shown in Lemmas
3.1-3.4 of ref. 13. The use of fractional derivatives in the lace expansion
method has been very effective in showing the Gaussian scaling limit for
self-avoiding random walks in high dimensions (including d=35, 6).>!%
Here we define the fractional derivative 6% of f(z)=X_,a,e™ as

@0

0:f(z)= ), na,e™ (18)

n=1
We observe that (18) produces the usual derivatives for e=1, 2,.... [Notice
that in ref. 13 the fractional derivative 6%, of f(w)=3>_, a,w" is defined as

[=o)
8. fwy= Y nta,w"
n=1
Thus our definition of the fractional derivative is slightly different from the
one defined in ref. 13; however, such a difference is inessential and it was
introduced only for our notational convenience. ]
To carry out this Tauberian argument we need the following lemma.

Lemma 2. Let pe(0, p.] be given in the oriented percolation
models mentioned in Theorem 2. Then for any positive number & < 1/2 we
can find constants c,(¢), ¢s(¢) such that

Y2 ATHPAx, n)| e < cyle) (19)
xezZd n=1
Y 2 ntxIPIPAx, n)| e < es(e) (20)

xezd n=1



850 Nguyen and Yang

We discuss the proof of Lemma 2 in Section 4, and use this result to prove
Theorem 3 in Section 5.

Remark 4. We need the fraction ¢ < 1/2 because it is expected that
@(x, n) is comparable to the n-step transition function G(x, n) of the corre-
sponding random walk, and with this belief (19) and {(20) may be infinite
for e=1 in dimensions d < 6. Nevertheless, with sufficiently high dimen-
sions we may use ¢ =1 instead.

Remark 5. Recently, by using the lace expansion method and a
sophisticated computer-assisted proof, Hara and Slade have been able
to show a Gaussian limit for self-avoiding random walks in Z¢ with
d>4."*'" Tt would be interesting to see whether such a technique can be
applied to produce Gaussian scaling limits for oriented percolation right at
p. down to (possibly including) the upper critical dimension.

In the following sections, we refer only to the spread-out models for
simplicity and we let the reader extend the ideas discussed there to the
nearest-neighbor case.

2. FEYNMAN DIAGRAMS AND RELATED ESTIMATES

In this section we introduce various functions, represent them by
Feynman-type diagrams with conventions mentioned in Section 1, and then

(0.0) (z,n)
Qfmzn) =

(y,m)

0,0)

Qipmytz.m) =

om N

10,0} —_———% .,
Qg?ﬂl)("") =

(., m)

Fig. 1. Feynman diagrams of bubble functions.
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use them to derive some estimates that will be needed for the proofs of our

results. We define the bubble functions
Q},lv?m) X n) = (p(xa n) (P(x -y, n— ’7’1)
Q2 ,(x,n)=¥(x,n) Y @u—y,n—1—m)p,.

uez4

00, =Y olun—1)p, Plx—y n—m)

ue zd

and represent them by the diagram in Fig. 1.
We define the triangle T{((x,, n,), (x5, n,)), (b, (11, n)}] by

(21)
(22)

(23)

P,((x,, n;) = bottom of b) P,(b open) P ,(top of b — (u, n)) ¥(u—x,, n—n,)

then set

TT((x s 1y)s (X2, 15)), (4, 1), B) ] = TTL((x5, 13), (x15 11)), (b, (u, m))]

and represent them by the diagrams in Fig. 2.

We also introduce the triangle functions

T o m)=0(x,n) Y @'~y n'=m)@(x—u',n-n')
(u'.n’)

7@

(w'.n') uezd

TG)

uezd (',n’)

They are represented by the diagrams in Fig. 3.

(ra.ng) (u.n)

T[((=z1,m1), (22, n2)), (b, (. n))] =
A(-‘Iv"l) ——-—\
b

b
(ran2) — g
T(((x1, 53), (22, n2)), ({u, n), 0)] =

(z1,m) —— (. m)
.n

(_r,m)(x’ ’1) = W(x’ n) Z Z (P(u_)’, nl_l_’”)pu‘u'cp(x_u(s n_nl)

(_\',m)(xa n) = Z (,D(Ll, n_l)pu,,\' Z W(“’—,V, n,_m) (P(x_ul, ’1—",)

(24)

(25)

(26)

Fig. 2. Feynman diagrams of T[(x,,n), (x,,m), (b, (u,n))] and T[(x,,ny), (xs, 1),

((u, n), b)].
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©0.0) {z,n)
T((;_)m)(z, n) =

(y,m)

(0.0) {z,n)

78 (z.m) =

(v,m) ——

0.0) — — s (z.n)

@

wmy (@) =

(y.m)

Fig. 3. Feynman diagrams of triangle functions.

Furthermore, given / pairs of site and bond {(b;, (u;, n,)), i=1, 2,.., I},
I=1,2,., weset I'y(b;, (u;, n;)) = (b;, (u;, n;)) or ((u;, n;), b;), depending on
whether I'; is the identity map or the permutation of site and bond. Let
I'=(I,,.., I'}). The diagram

E[{F, (,V, ITI), bia (ui, ni)’ (xs n)9 l= la 2,---, [}
is defined by
T[((ya m)(ya m))5 Fl(b]5 (ula nl))]

X ' TLriZy(bimy, (ui gy 1)), Ti(by, (4, 1)1

F=2..1

x Po((u;, n) = (x, n)) P((top of b; — (x, n)) (27)

For /=4 and I'|,I;,,=id, I';=permutation of bond b, and site
(u,, n,), the diagram

El{r7 (y’ n’l), bia (uia ni)? (X, n), l= 1’ 2,"'7 l}

is represented by the diagram in Fig. 4.
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(w1, m1) b2 \ (u3, n3) , (ua,ny)
T T
(0,0) (z,n)
Il 1 A}
r T b\ i)
b (u2, na) by by

Fig. 4. Feynman diagram of E,{I,(0,0), b;, (x;,n;); i=1,2,3,4}.

The function E,(x, n) is defined by summing
E/{F5 (07 0), bi’ (ui’ ni)a (x, n)a ’= 1’ 2a---a l}

over the set {I, b, (u;, n;); i=1,2,..,1}. For the sake of notation, we use
Ey(x, n) to denote [¥P(x, n)]>
We then introduce the Fourier-Laplace transform

E(k,z2)= Y e*~e™E(x,n) (28)

(x,n)

for ke [—m, n]% Re(z)<m,, and define the Fourier-Laplace transforms
&k, z),‘ Tﬁﬁ,{n,)(k, z) of the functions Q) (x, n), T{3), (x, n) for each
o= 1, 2, 3 similarly.
Now we want to derive some estimates concerning E;, 0(%),.), T,
and their derivatives. It is easy to see that

Eo(x, n)=[¥(x, ) 1> < Q(go)(x, 1) S T{gl)(x, n) (29)
Hence,
Eo(0,5) < O@0)(0, 5) < T35 (0, ) (30)
In estimating £,, /> 1, and their derivatives we need to use repeatedly the
inequality
(Z)fl(x, n) fo(x, n)| < {(S:IHP) |fi(x, n)l } (Z) | f2(x, n)| (31)

Inserting (27) in the summation of E,(k, z) and using (31) repeatedly in
summing over the set {I, b;, (u;, n;); i=1,..,1, (x,n)} in the order from
right to left, we obtain, for s<m, and /> 1,

E0,5)<2'[ sup T,.(0,5)] sup 0}),,(0, s) (32)

(vim)a=273 (y,n)
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Each derivative of E,(k, z) evaluated at k=0 and z=s5<m, can be
estimated in the same way with the only change due to the factor that
corresponds to the derivative. To estimate 8.E,(k, z), we proceed as
follows. We let (v, mg)=(0,0), (v,,,,m,,,)=1{x,n), and set {(v;, m,);
i=1,.,1} the / corners along the top route from (0,0) to (x, n) of the
diagram

EI{F’ (07 0)! bia (lliv ﬂ,—), (x’ n)s i= 19 2a"', l}

We then use n=3'_, (m;,, —m;) and distribute each factor (m;, —m,))
in the corresponding diagram from (v;, m;) to (v, ,, m;, ). Using the same
technique as in Section 3.2 of ref. 11, we estimate the contribution of the
term corresponding to the factor (m;, , —m,) and then sum over j from 0
to / to obtain, for s<m, and /=1,

3.£/0,5)<2'[ sup  T{,,(0,9)] sup 0.0()),,,(0, 5)
(,v.m);at=€ 3 (y.m)

+20 sup T® (0,5)] !

(v, m)
(yvom)a=23

x[ sup 9.0,(0,5)] sup T}, (0, s) (33)

(vym)a=23 (y.m)

To bound the second derivative 8, E,(k, z) evaluated at k=0, z=5< my,

N Hu
we use the inequality

/
IXIP<(+1) Y v~ 0,

i=0
and apply the same argument. We then have

wE(0,5)<2U+ D sup  T15),,(0,9)1" sup 8,,0()),,,(0, 5)

(v.m)e=223 (y.m)

+2(1+1)[ sup T‘“’,,,)(O 5)] !

(yomya=273

X [ Sup ale‘i:?m)(O’ S)] Sup T{_Iv?m)(o’ s) (34)

(ym)ya=273 {(y,m)

Ass we will see later, the above estimates will be needed in proving
Theorem 2. For proving Lemma 2, in addition to these estimates, we also
need to bound 9.4,,E,(0,s) and d..£,(0, s). To do this we need to dis-
tribute the factors such as »n and |x|* along the top as well as the bottom
paths of the diagram. We let (vg, mg) = (0, 0), (vj4,, #1;,1)={(x, n), and set
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{(vj, m]); i=1,.., 1} the { corners along the lower route from (0, 0) to (x, n)
of the diagram

E/{T, (0,0), b;, (u;, n), (x, n);i=1,2,., 1}

We then use

n|x*<(l+1) Z (mi+1_’"i)lv}+l"l’f|2
i,je{0,1,..1)
and bound 6:8““E‘,(O,s) above by the sum of five terms (I), (II), (III),
(IV), and (V) corresponding to {i=j=1}, {i=j#1}, {i#] j=1}, {j#],
i=1}, and {i#j, i#1, j#1}, respectively, as follows:

0.0,,E/(0, 5) < (I) + (I1) + (IIT) + (IV) + (V) (35)
with
(1)<9.0,,E/(0, 5)<2/(1+ 1)[( sup . T¢,.,(0, )7 Slllps 0L (0, 5)
vomlia= =12
(M) <29+ 1)L sup  T,,0,57 " sup 0&)(0,s)
(yom)a=223 =123

X sup Tg_',,?,,,,(o, s)

(v,m)

(I <29+ 1) sup T"’,,,,(O )17 sup 5:T{j,f,,,,(0,s)]

{y.mya=23 {y.mya=23

X sup a,,,,Q}i..)m'(O, s)

(y,om)

av)<2ii+1[ sup  T®,0,5)17'[ sup 8,,7,,0, ]

(ym)a=2713 (r.m)x=2.3

x sup 0.0"),.(0, 5)

(y.m)

(V)<2/U+ 1)y l(I-1)[ sup ngg,,,,(o, 5)]/ 2

(yom)ia=23

X [ Sup aleA::'rln)(O’ S)]

(ymya=223

X[ su.p 6 T(f: m)(o s :] sup T(l) (0’ S)

(v.m)
(pom)oa=273 (v,m)

where

‘.ZL(O sy=sup Y e™n|x—y[> Q) (x,n)

(v,m) (x,n)
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Similarly, to bound 4, E,(0, s) we use

n?=(l+1) Z (mi+l_mi)(mjl'+l+m_;)
;e {0, 1,4}
and apply the same argument. Note that in this case the terms corre-
sponding to {i#/, j=1} and {j#/, i=1} are equal. We then have

azzEAI(O’ S)
<20 sup  TE,,0,5] sup 0%(0,5)

(yym)a=2,3 «=1,23

+200 sup  T,0,917" sup §¥(0,5) sup T, (0, s)
(y.m)e=23 x=1,2,3 (y.m)

+2,21( sup T (0,57
(ym)a=23
x[ sup @, T}";’,,,,(O 5)] sup 4. Q(ym)( s)
(y,m)a=23 (y,m)

+2i(I-1)[  sup Tﬁ‘;‘,?m)(O, $))72[ sup @ Q‘y (05 5)]

(y.m)a=2,3 (y.m)a=23

x[ sup  9.7(2,(0,5)]sup T),(0,9) (36)

(y,m)
(ymyie=2,3 (y,m)
where
090, s)=sup ¥ e |n] - ln—m| Q) (x, )

(y,m) (x,n)

Next we want to bound the bubble functions, the triangle functions,
and their derivatives in terms of ¢(k, z) and its derivatives. The following
lemmas can be obtained by applying the Hausdorff-Young inequality.
Notice that the integral [{ f(k, ¢) dk dt means

—d_1
(2n) U(k N ”]f(k, 1) dic dt

and the derivative @, can be replaced by 4,, ¢
defined as the identity map).

npo azza a‘-‘##’ or a() (Wthh 18

Lemma 3.
sup 9,01, (0, s)<j dk dt 12,6k, s + it) Gk, it)] (37)
(y.m)
sup 3,02),y(0, 5) < [[ dk dt 18, [0k, s+ i) (ks it) pUk)  (38)
(yym)

sup 2,00,(0, )< [[ dkc dt 10,[0(k, s + ir) p)] G(k, i)l (39)

(y,m)
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Lemma 4

sup 09, 7(),,(0, s) < [[ dk dt 10,6k, s + )[4k, i1)]7) (40)

(y,m)

sup 0, 72),,,(0,5) < [[ dk dt 10,L6(k, s+ i) [4(k, ]2 pK)  (41)

(y.m)
sup 9,73 ,(0, 9) < [[ dk dt 10,000k, s +it) 5N - 1ok, i)> (42)

».m)
(¥, m)
Lemma 5
0.0, )< [[ dk dt 10,60k, 5 +i1) 8,6k, — i) (43)
02,(0,5)<2 H dk dt 18, ¢(k, 5 + it)|
X {18,,@(k, —in)| - | (k)| + 1@ (k, —it)| -10,, p(K)|} (44)
000, )< [[ dic i 10,0k, s+ )] + |9k, s + i)}

X |B(K)] 10,60k, —it)| (45)
000, )< [[ di dt 106k, 5 +i1) 3.6k, — i) (46)

020, 5)< [[ dk dt 1.4 (k, s +it)]
x {10.¢(k, —it)| +1¢(k, —ir)|} | 5(1)] (47)

By symmetry, 03(0, 5) is bounded by the right-hiand side of (47).

3. INFRARED BOUND

In this section we show the infrared bound (11) for the spread-out
oriented percolation models in Z%x Z, d> 4, as mentioned in Theorem 2.
First, we point out that there exist J, 4, with 0 <J <48, such that

1D (k) <2/3 if |kl=é (48)
|1 —D, (k)| =const-L? k|2 if |k|<$, (49)
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for sufficiently large L. In fact, it was shown in Lemma 5.5 of ref. 11 that this
can be done with § and &, chosen as follows. Set 6 =3n(2L) j'.\_e rd 10, 8(x)] dx.
Since g is continuous at 0 and g(0) > 0, we can choose M > 0 so small that
(3/2) fccrild ) dx<1/M and [ pijq<r; &x)dx>0. Choose
8, =n(LM)~"; then §, =6 and (48) and (49) hold.

Second, we only need to show the infrared bound (11) for pe[p,, p.),
since it can be shown easily from inequality (5) for pe(0, p,]. Thus
Theorem 2 will follow from the renewal equation (15) if we can show that

for every pe[p.,p.],

Y |¥Ax,n)| e <e(L)  with &L)—0 as Loo  (50)

{x,n)

and
|F(k,m,—s+it)| =4ppr'e™ |1 —e™** "D (k)] (51)
where
Fk,m,—s+ity=1—pp;'D (k) e™**"[1+ P (k,m,—s+it)] (52)

for every (k,t)e[—m, n]“x[—n,n] and se(0, m,+log p—logp, +1]
(notice that in this case both m, and log p—log p, are nonnegative, so
m,+log p—log p, > 1, hence (0,1]< (0, m,+1log p—log p, +1]).

In addition, the condition (S1) can be replaced by

SN —e* D (k)| 2120, m,)— Pk, m,—s+it)e " "D, (k)| (53)
as we can see in the following lemma.

Lemma 6. Assume that (50) and (53) hold for every se (0,
m,+log p—logp, +1], pe(0,p.], and (k,n)el—m n]'x[—n, n].
Then (51) holds.

Proof. We observe from (50) that ¥ (0, m,) is well defined, and also

¥ (0, m,)=lim ¥ (0, m,—s) (54)

xl0
by the dominated convergence theorem. Furthermore, it is easy to see from
(13) that
lim ¢(0, m,—s)= o0 (55)
510

Since

_ . 1+ ¥.0,m,—s
=T R0 )] = S (s
» p
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[this follows easily from the renewal equation (15)] we have by (54)
and (55)

1+ ¥.(0, m,—s)

1—pp;le™[1+¥.(0,m,)]=lim =0 (57)

sto @(0,m,—s)
Since
Fk,m,—s+it)
=1—pp;le™ T "D (k)1 + .k, m,—s+i)]
={1—pp;'e"[1+ (0, m,)1}+ pp; e [1—e~** "D (k)]
+ppy e [P0, m,)~ P (k,m,~s+it)e **"D, (k)] (58)
then by (57) and the simple triangular inequality
|Fk, m,— s +it)]|
>pprle™ [l—e™* "D (k)|
—pp;te™ |0, m,)— ¥ (k, m,—s+it) e "D, (k) (59)
Then (51) follows from (59) and (53).

The next lemma shows that (50) and (53) can be replaced further by
the following conditions:

Y n|¥(x,n) e <e(L) (60)
(x,n)

Y xP[Px, )l e <e

(x,n)

(L) (61)

Hu

where pe (0, p.] and (L), ¢,,(L)—>0 as L — 0.

Lemma 7. Assume that (60) and (61) hold. Then (50) and (53)
follow.

Proof. Clearly (50) follows from (60). To show (53), we consider two
cases: |k| =6 and |k| <6,, where § and J, are chosen as in (48) and (49).
For large k, |k| = ¢, and sufficiently large L the inequality (53) follows from
(50). In any case we have the lower bounds

|1 _e7x+irD"L(k)|2=(1 _e—x)2+e—2x I 1 _enle(k)lz
+2e *(1—e *)[1 =D, (k)cos 1]
>(1—e*)P2+e > |1 —e"D, (k)| (62)

1—D,(k))>+(1—cost) if D, (k)=0
L1+ D, (k)*+ (1 +cost) if D, (k)<0

822/78/3-4-13
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For small k, |k| <6,, and D, (k)<0 we use (63) to obtain

1+ D, (k)= L~"g(x/L)[1+ cos(k -x)]

> Y L 7gx/L)

x:tk-x|€n/2

> Y L g(x/L)

x:|x| < LM/2

~j g(x) dx>0 (64)
{x: x| < M2}

By (62) the left-hand side of (53) is bounded by a constant; hence, (53)
follows for sufficiently large L from (50) and (64).

For the remaining case, |k| <&, and D, (k) >0, we observe from (49),
(62), and (63) that

[1—e™* "D (k)| 2 caL? ||+ c5 1] + ¢ || (65)
Therefore in order to obtain (53) for large enough L it is enough to show

| P (0, m,)— P (k, m,+z)eD (k)| =o(L) L* |k|*+o(L) |¢| + o(L) |s]
(66)

To show (66) we proceed as follows. We have, for z= —s+ it

|20, m,) — Pk, m, +z) D (k)|
<[P0, m,) — ok, m,)| + |k, m,)(1— )]

+ Pk, m,) e [1 =D (k)1 + Pk, m,) — Pk, m,—z)| - D (k)|

The first term is equal to

2

1 d N
jo dr (1=r) = P.(rk, m,)

d
Y, k.k,8,,¥.(rk,m,)

v Yy

<1/2 sup

0sr<1

=1

d
<12 % X Tkl Tk - 1xgl - 1xo) - [Pdx, n)l e (67)

(x,n) puv=1
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where x,, = 1,.., d are the coordinates of x. But

d d
Ykl -tk x gl -1l <5 2 (k2 + 1R (x| 2 + x| )
=1

uv=1 uv

Mm

(lkl +1k,1%) Ix1?=d |k|? |x|?

<!
<3

nv

so the right-hand side of (67) is bounded above by

31k Y |xI?1Px, )l e < Jdlkl ey, (L)

(x,n)

The second term is bounded above by const - &(L)(|s| + |¢]), the third term
is bounded above by &(L)const-L? |k|?, and the fourth is bounded by
e.(L)const - (|t| +]s|). Combining the estimates of these four terms, we
obtain (66). This shows Lemma 7.

Thus to show Theorem 2 reduces to showing (60) and (61). To do this
we apply the bootstrapping argument which has been successfully used for
studying various models arising in statistical physics; see, for instance,
refs. 5, 19, and 11-13. The argument given below follows the same idea as
the one discussed in ref. 11.

It is easy to see from (58), (57), and (53) that

2pp;lem |L—e D (k)| = | Flk, m,—s+it)| (68)

This suggests that ¥(x, n) is comparable to the n-step transition function
G(x, n) of the corresponding random walk. This observation leads us to
further results as follows.

Lemma 8. Let 0<p<p,. and M <m, be such that the following
inequalities hold:

e~'<pp;le” (69)
Y 1Px, n)| e <E(L) (70)
(x,n)
Y n¥(x,n) e <E(L) (71)

(x,n)

Z Ix[? P (x, n)| e"'"SEM‘(L) (72)
{x,n)
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where &(L), £.(L), £,,(L)— 0 uniformly in p and /1 as L — co. Then for
sufficiently large L we have

|Flk, m+it)] = Le™ |1 —e"D, (k)| (73)

and moreover, for every (y,m)eZ‘xZ, «'€{2,3}, and ae{1,2,3} we
have
71,0, M) < K, (74)

D) (0, m) < K, (75)

()

7 (0, m) < K, ﬁ dk dt | D, (k)] - |1 — "D, (k)] (76)

(v.m)

8.0, (0 M) <K, [[ dicdr 1B, (k) - 11— "D~ (77)

{y.m)

0,, 00,0, m) <K, L’ H dk dt |k|* |1 —e"D (k)| ~* (78)

Hyt

Notice that ail of the integrals on the right-hand sides are finite (since
d>4) and O(L “log L),"'" and furthermore, the constants K are inde-
pendent of p and /.

Proof. To prove (73) we just simply replace m,, s in the proof of
Lemma 7 by 71, 0 and follow the same argument. For the remaining
inequalities we only show (78) with o = 3, which is the most difficult one,
since the proofs of the others are similar. By Lemma 3,

sup 6,‘,,Q‘§_3;.f,,,,(0, )

{3.m)

< [[ e dr 12,6k, 7+ 0] + pp 1 18,, 5,01} ik, in)] (79)

But from the renewal equation (15) we have
0, @k, z)=F'0,, Pk, z)—2F %8, ¥.(k, z)) d,F
—F72P (k,z)d,,F+2F ¥ (k, 2)(8,F)? (80)

"y

Using (70)—(73), we can check for z =+ it that

-2 {(83)
F229 (k. 2)(0,F)? = (pp.'e™) "' kI O(L?) |1 —e"D (k)| > (84)

F7'0,, @k, z)=(pp'e™) kI O(L*) |1 —e"D (k)| ' (81)
F2(8,¥P.(k,2))8,F=(pp;'e™) ™" k|2 O(L*) |1 —e"D (k)| "2 (82)
F 2P (k,2) 0, F=(pp;'e™) " |k|> O(L?) |1 —e"D (k)|
|
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Thus the right-hand side of (79) is bounded above by

3
const - (ppy'e™) ™" [[ dic dr(L? k1> + pp['e™ L2 1k1?) T 11— "B (k)| !
=1
which is bounded by the right-hand side of (78) for sufficiently large L by
(69). This shows (78).

Let (P,) be the assumption that (74)—(78) hold with constants ak,,
ak,, ak,, aK., aK,, replacing K, K,, K,, K., K, of the previous lemma.
Since ¥(x, n)<{pp,.")" G(x, n), without loss of generality we may assume
(Px) whenever (69) does not hold. From now on we fix these constants K.
Next we want to show that Lemma 8 has its converse as in the following
lemma.

Lemma 9. Let pe(0, p.) and /M <m, be such that (P,.) holds.
Then (70)-(72) follow.

Proof. Let &(L), £.(L), £,,(L) be the quantities in the right-hand

Hp

sides of (76)-(78) and notice that they are O{L “logL). Thus for
pe(0, p.) and M1 <m,,

B
-y
i
%
=

Z I(]/C(x’ n)! enn“: <

(x,n)

D8 TDs

N
M
(=
3

~
I
=}

By (30) and (32) this is bounded above by &L)+Y~,2'2K,, which

converges to 0 as L — oo. Similarly,

Y n|®,(x,n)e”< Y
!

(x,n)

6: @1(0, f’;’l)
0

8.E,(0, m)

AN
M8

{=0

By (33) this is bounded by

E(L)+ i 2%E(LY E(L)+ i 12'8(L) " &(L) 2K,

/=1 =1

which converges to 0 as L — oo. Furthermore,

S 1®Ax, n) e |x12< Y 8, (0, i)

(x,n)

np

D8 T8

N

3, E1(0, )

\
1
o
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By (34) this is bounded by

g L)+ Y (I+1)2%8(LY &,(L)+ Y, I(I+1)2'%&(L) " &,,(L) 2K,
I=1 =1
which also converges to 0 as L — co. This shows the lemma.

Now we want to use Lemmas 8 and 9 to show Theorem 2. Using these
lemmas, we can choose a sufficiently large L, > L, such that if L> L, then
whenever (P,x) holds so does (Pg). Let p, and iy be chosen arbitrarily in
(0, p.) and (— o0, m,,), respectively. Recall that if (69) fails then (P) holds.
On the other hand, if (69) holds then the bootstrapping argument “(P,x)
implies (Pg)” can be applied. Since the sum over (y, m) of the left hand
side of any one of (74)—(78) is finite at (pg, /,), there exists a finite set S
(depending upon pg, ) such that (P,) holds for every (y, m)¢ S. By the
dominated convergence theorem, the functions on the left-hand sides of
(74)-(78) are continuous with respect to p and m for every p < pg, M <mig;
therefore, their maxima over (y, m) e S are also continuous in this domain.
Thus they must be bounded by the gap created by the bootstrapping argu-
ment “(P,x) implies (P)” for every pe (0, py] and m < #1,. But pgy and g,
can be chosen arbitrarily in (0, p.) and (—o0, m,), respectively, so (Py)
holds for all p,<p,, my<m,. In addition, using the monotone con-
vergence theorem, we can show that these functions are left continuous at
pP=p., m=m,; therefore, (P,) holds at these values as well. Notice that
the poof of Lemma 9 is valid even for p= p,, si=m,, so (60), (61) hold.
Then (50) and (51) follow from Lemmas 6 and 7. This completes the proof
of Theorem 2.

4. PROOF OF LEMMA 2

In this section we prove Lemma 2 using the fractional derivative
method developed by Hara and Slade."’®) This method exploits the follow-
ing integral representation of the e-fractional derivative for every ¢e (0, 1):
If f(z)=%7_0a,e™ is well defined for every z with Re(z) <m, then

5 f(z)=C, f 8. f(z— A=Y d) (85)

where C, is a constant depending only on &; furthermore, if a,, > 0 then (85)
holds for z=m, as well. We now give a proof for (85) following ref. 13.
First we note that

1 )
ne-1 =(Tm L CXp(—l’lll/“_e)) di
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We then have

£

Y. nfa,exp(nz)= ~na, exp(z)

n=0 n

n
[

18

18

1 w
T—ori—9 e)j exp(—nAY"'=9) di na, exp(nz)
- - 0

n=0

Y. na,exp(nz—ni" =) da

=0

1 o)
=(1—5)F(1—8)j0 ]

1 w By
=m_]’0 a:f(Z—l]/“ )) di

where in the third line we have used Fubini’s theorem to interchange the
order of summation and integral. Notice that if g,>0 then Fubini’s
theorem can be applied for z=m, as well. This proves (85) with C,=
1/(1 —e) I'(1 —¢).

We next apply (85) to prove Lemma 2. To this end, observe that

o
ot x| Pl )l e < Y nt|xI? Y |, n)| e

{x.n) (x,n) I1=0

<Y o |x|? ) Efx,n)e™™

(x,n) =0

d @
= Z Z 526#“5'1(0, mp) (86)

1 /=0

By (85) the right-hand side of the above is equal to

w d <) .
Ce J.O Z Z a:;tuE‘l(Oa m,,—/ll/“_‘)) di (87)

u=11=0

Similarly, we have

S a1l em<C, [ T 0. Ei(0m,— 20" d2 (88)

(x,n) 0 y=0
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However, the integral from 1 to oo of the integrand appearing in either (87)
or (88) is finite. To see this, we use the following argument in which the
function A(z)=37_, A,exp(zn) may be replaced by any one of these
integrands:

[ atm,— 2719y az
1

o w

= A, exp{(m,— """ n} dj
LA p

[ 3
f 3

n=1

IIMS

xp{(m,—1)n}exp{(1—=A"" "y n} dA

A

p{(m,—)n}exp(1 —2"' =9} d2a

||[\/]C\

=A(m,— I)JL-' exp(l — A1 =% 42
1

Clearly, (7 exp(1—A""""dl<co. Furthermore, by inserting (35) and
(36) in (87) and (88) and then applying (76)-(78), one can see that
A(m,— 1) < oo since the right-hand sides of (76)-(78) can be made as small
as possible by choosing sufficiently large L. So [{* A(m,—A""' ~*)dA < c0.
Thus it suffices to prove (87) and (88) with the upper limit oo of these
integrals replaced by 1. By inserting (35) and (36) in (87) and (88) and
then applying (76)—(78) as before, we see that Lemma 2 will follow {from

fol aM‘ T}ifn.)(Q m,,—l”“ “Ndi<ow (89)
fol 0-T,,(0,m,— A" =) dA< oo 50
[ omom=a0-"di<a oD
Ll 020, m,— A"~y dl< o0 (92)

for every e€{0, 1/2), (y,m)eZ9xZ, and a=1,2,3. We only prove this
for the case of « =1, since proofs for the remaining cases are similar and



Critical Oriented Percolation 867

therefore are omitted. Applying Lemmas 3-5 to the integrands of these
integrals, we have

{(v,m)

l -
j 6,.,,T(1) (0, ’np_il/(l_g,)dl
0

l 2 ~
<er [ [[10, Pk my it = 1000 [Pk, + i) e dr dL(93)

(y.n1)

l 3
[ 0.7 (8,,(0,m, —2M1=9) a7
0

l P -~
<cg JO ” |0. Pk, m,+it— A=) | Pk, m, +it)|* dk dr dA o0
l —~
Jo (0, m,— 27 =9) dA
l F ~
<eo | [ 10, 80k my it = 110N 12, Pk, my i) de i di(95)

1
[ 080, m,—at1-9) 43
0

l -~ a
<[ [[10.90k m, -+t A0 10, Pk, my +i0) dhe de di (96)

Computing the derivatives of ¥(k, z) from the renewal equation (15) and
applying the infrared bound (11), we observe that the right-hand sides of
(93) and (95) are bounded above by

, ~
const-f H|k|2 11 —exp(—AYU =9 4 it) D, (k)| dk dt d2
0
and the right-hand sides of (94) and (96) are bounded above by
1 -
const-j ﬂ|1—exp(—}t”“""+it)D,_(k)|“‘dk dr dJ
0
but these integrals are finite if 0 <e < 1/2 and d>4.

5. PROOF OF THEOREM 3

In this section we use the fractional derivative method to show
Theorem 3. The fractional derivative method will play a role through a
kind of Abelian-Tauberian argument described in the following lemma,
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which shows that the asymptotic form of the power series is related to the
asymptotic behavior of its coefficients.

Lemma 10. Let ¢€(0,1), and let R>0 be the radius of con-
vergence of f(w)=3>>"_,a,w".

(i) Suppose that B,(e)=3.7 ,n°|a,| R" < . Then for any |w| <R,
|f(w)=f(RI<2'"°By(e) R°|R—w|*® (97)

(i) Suppose that B,(e)=Y_ ,n'*°|a,| R"<c. Then for any
|w| <R,

, 2
LS w) = f(R) = f'(R)(w— R)I <7 o

1—¢

RT'7:By(e) [IR—w|'+e (98)

(iii) Suppose that for any |w| <R, |f(w)] <const-|R—w|*~2 Then
la,| <O(R™"n'~*) for any a<e.

(iv) Suppose that for any |w| <R, |f'(w)| <const-|R—w|*°~> Then
la,l SO(R™"n"®) for any a <e.

The proof of this lemma can be found in the proofs of Lemmas 3.2 and
3.3 of ref. 13. We remark that the proof of lemma 3.3 of ref. 13 should also
work for |w| < R instead of |w| < R.

In addition we need the following, which will be useful in simplifying
calculations involving the inverse of [1+ ¥ (k, z)].

Lemma 11. Let ¢ R, f, and B,(¢) be defined as in Lemma 10.
Assume that in addition to B,(¢) < co there exist constants 0 < ¢, < ¢, such
that ¢; <|f(w)| < ¢, for every |w| < R. Then

1 1 J'(R) L+e
- — O(|R — 99
T~ f@® TR R OUR=wWET o (99)
o= =L B oR—wp) (100)

Sy LR
Proof. From part (ii) of Lemma 10 we have for any w with |w| <R
fw)=f(R) = f(RYR—w)+ O(IR—w|'**) (101)
Observe also from our assumptions that

1 1

m=m+ O(|R—wl)
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Therefore,

11 _f(R=S(w)
T R fw) f(R)
_L'(R)YR=w)  OUR=w|'*)
TW @R T fw f(R)

_(RY(R—w) [ 1
)

+0(]R—w|):|+ O(|R—w|'*9)

f® - U®)
1 R -
S OR =i+ (102)

where in the last two lines we have used the assumption c, < f(w) < c,.
This shows (99). We next apply part (i) of Lemma 10 on f’(w) to show
(100) as follows:

)

— (—/(R)+ O(IR—w{)} {,%R)* O(1R— w|)}

[}((;R))]ﬁ'O(IR— wl*) (103)

To apply the above lemmas it would be more convenient to work
with w=¢" instead of z; therefore, throughout this section we will use
respectively @(w), Z.(w) to denote ¢(z), ¥.(z), where w and z are related
by w=e". We point out that [1+ % (w)] satisfies the conditions of the
above lemma for every pe (0, p.] and ¢€ (0, 1/2) by Lemma 2 and (50).
Due to this, we fix € (0, 1/2) for the rest of this section.

We now use Lemmas 10 and 11 to prove Theorem 3. Our approach to
Theorem 3 is to compare @(k, w) with

1

H(k,w)sAO(w T (104)

where w, =e™ and A,, A, are two positive numbers that will be chosen
later depending upon pe (0, p.]. Let H,(k) be the nth coefficient of the
MacLaurin series of H(k, w). Write

—1 w -1
H(k, w)=[A0w,, <1 +A0 v, k| ):l [1 —wp(l +A4,/4ow, Iklz)]
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and use geometric series expansion to obtain

Al \ —n—1
H, (k)= W (1 ¥ |k1~> (105)

Ayw, Agw,
Then simple calculations show that (a)-(c) of Theorem 3 hold for H,(k)
instead of Z, (k) as follows:

wo"

Y HA0)=
(a’) H,(0) dow, 7

2dA,
Agw,

, _ k A, 12
() [H,(0)] 'H,,(ﬁ)aexp(— Aowplkl)

Thus by (iii) and (iv) of Lemma 10, parts (a) and (b) of Theorem 3
will follow if we can choose 4, and A4, such that

(b") [H,0)]"'ViH,(0)= —(n—1)

[0,.[(0, w)— H(O, w)]| < const - [w, —w|*~* (106)
IVi[@(0, w)— H(O, w)]| < conmst - |w,~w|*~? (107)
for every w with |w| <w,.

We then use (106) to choose A, as follows. We define 4,(k, w) for
every ke [—m, n]¢ and w with |w| <w, by

Ak, \4’)=m—PPZ'WﬁL(k)—Ao(wF—W)—Al |k|* (108)
Then
~ 1
o) = S A K w0
@k, w)— H(k, w)= —As(k, w) ¢(k, w) H(k, w) (110)
and

3, [k, w)— H(k, w)]= —d,, A,(k, w) $(k, w) H(k, w)
— A, (k, w)[0,. @k, w)] H(k, w)
— Ak, w) @(k, w) 8, H(k, w) (111)
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With straightforward calculations we can see from the infrared bound (11)
that

16k, w)l = O(Iw, —w| =) (112)
10, @k, w)l = O(lw, —w| ~?) (113)

Thus (106) will follow from (111) if we can choose 4, and A, such that
|45(0, w)i = O(lw, —w|' **) (114)
18, 45(0, )| = O(Jw, — wl*) (115)
for every |w| <w, since clearly H(0, w)= 0(|w~l,— w|~!) and 8, H(0, w)=
O(|w,—w| ~*). As we mentioned earlier, [1 + ¥ (k, w)] satisfies the condi-

tions of Lemma 11, so

1 _ 1 N 0, P00, w,)(w,—w)
1+ Z.0,w) 1+ P.0,w,) [1+ %0, w,)]?

+O(Jw,—w|'*7)

(116)

Replace k=0 in (108), add and subtract the same term pp;'w,, and then
apply the above identity to obtain

4,0, w)= —pp['w—AO(w,,—w)

1+ %,(0, w)

1 0, P (0, w
- _ + W ~¢(0, Hp) - (H),;'_ “1) + O(I‘V,,_ ‘v|1+ﬂ)
1+¥%.(0,w,) [1+¥(0,w,)]

—pp['wp-i- szl(wp_ w)— Ao(w, —w)
By (57), [1+ P 0, w,)]1 "' —pp,'w,=0, so we can choose

a, lI~/L.(O, w,)

—_— (117)
[1+ Z.0,w,)]’

AOZPPZI‘*'

to obtain the desired estimate (114). Since 4, %.(0, w, )1+ & (0, wi!,)]Z
can be as small as possible by taking sufficiently large L, we have 4,>0
if pp; ' > 1; otherwise, we can follow the same argument discussed in ref. 21
to show A,>0 if pp; ' < 1. With such a choice of 4, we can use (100) to
obtain (115).
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The choice of 4, can be selected from (107) similarly as follows. From
(109) we have

|qu~’(0, W) _ViH(()’ W)l

| —2d4, Vi (0,w)  —2d4,
T [Ao(w, —w)+ 45(0,w) 1> [Ao(w,—w)]?

_ ‘—V,fAZ(O, w)[Ag(w,—w)1?+2dA,[A,(0, w)1>+2dA,24,(w,—w) A,(0, w)
- [Ao(w, —w)+ A0, w)1* [4(w, —w)]?
(118)

for every w with |w{ <w,. By (114) the sum of the last two terms in the
numerator of the above equation is O(jw,—w|***). Furthermore, since
[Ao(w,—w)+ A4,(0, w)] ™" is O(lw,—w| "), we need to choose 4, in such
a way that V; 4,(0, w) is O(|w, — w|®); if this is so, then (107) follows from
(118). But from Lemmas 2 and 10 we have

V2P0, w)=V2P.(0,w,)+ O(lw,—wl|) (119)

Hence,

V240, w) = el W)
[1+ 7.0, m7T

_ —-V2& (0, w,)+ O(|lw, —wl|®)
[1+ %0, w)]?

—pp;'wViD,(0)—2dA,

—pp;'wViD,(0)-2d4,
(120)

After replacing [+ %.(0, w)]™" by [1+ %0, w,)]~" in the right-hand
side of the above identity and compensating this replacement by a term of
O(lw, —w|), we then choose

1 [ V29.0,w,) .
A= g T, VD) 2
2| [14 %0, w,)]? g
to obtain from (120) the desired estimate O(|w,—w|®) for ViA4,(0, w).
Since Vi (0, w,)/[ 1+ %.(0, w,)]* can be as small as possible by choosing
large enough L and since —V2D,(0) > const - L?, by (49), we have 4,>0
if pp;'w,>1. On the other hand, if pp; 'w, <1, then we can use the same
argument discussed in ref. 21 to show 4, >0. Thus with A, as in (117) and
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A, as in (121) we only need to show part (c) of Theorem 3. We claim that
for o < /2,

| 45(k, w,)l = O(1k|***) (122)

A, <% w)-A2 <% w,,) — A4,(0, w)’ =0(n=*) O(lw,—w|)  (123)

k
}6,,,A2 <—, w> —0,,4,(0, w)

N
for «<¢/2 and |w| <w,. Assuming the above estimates, we now prove
Theorem 3(c). We define

=0(n~*) (124)

1
Ao(w,—w)+ A4, |kI> + 4,(k, w,)

HOUk, w)= (125)

Notice that H°(k,w) looks similar to @(k, w) except that A,(k, w,)
[instead of 4,(k, w)] appears in the denominator of H°(k, w). Then

0, [@(k, w)—H (k, w)]
= — 0, 4,(k, w) g(k, w) H(k, w)
— [A,(k, w) — Aqlk, w,)1[0..6(k, w)] HO(k, w)
— [ Ay, w)— Ay(k, w,)] Bk, w) 3, HOk, w) (126)

It is not hard to show that for sufficiently large n,

'HO (%, w>’ <O(lw,—w| ™) (127)
k
‘6“,H° (—, w)’éO(lw —w| 7?2 (128)
Jn ’

Applying the infrared bounds (112) and (113) and the bounds (127) and
(128), we can see from (126) that

ode ()= (G
-[e-as(Zz)
4, (% )| 0w, —wi=)

k

o(lw,—w| =)+ | 4, (ﬁ, w)

4
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< ’awAZ <La W> - 5wA2(0, W)

N

+ Ian'AZ(O’ M))I O(IM)p - "VI _2)

() ()i

+ [A4,(0, w)| O(lw, —w|~?)

O(jw,—w~2)

+ O(lw,—w|™?)

for every |w|<w,, ke [—m, n]% and sufficiently large n. By (123) and
(124) the first and third terms are O(n~*) O(|w, — w| ~2), and by (114) and
(115) the second and fourth terms are O([w, —w|*~?).

It then follows from Lemma 10(v) that

|Z,,(k/</n) = HOk/ /)| = O(n =) w1

Thus part (cj of Theorem 3 follows by applying a simple central limit
theorem type of proof on Hff(k/ﬁ).

We now return to our claim of (122)-(124). From the definition of
A,(k, w) and our choice of 4, we have

Aol ) =g o ]
14+ @ (k,w,) 1+&0,w,) 2d[1+F(0,w,)]?
A 1 2 2
+{PPZ’WP[I—DL(k)—Z{V;DL(O)|k|-}} (129)

Using symmetry, we have

‘ Z (0, w,)— ¥ (k, w,)—

Z em:([/((x’ n) |:1 —COS(k _\‘)—% (k -,\‘)Z:I

{(x.m)

<const- Y ™ |¥ (x,m)|-|k-x|***

(x,m)

<const- Y. ™ |¥ (x,m)|-|k|** m> e

{x,m}

< const - [k|2*® (130)
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where in the last two inequalities we used
|k - x]?+¢ | ¥ (x, m)| <const-|k|>Tem?+e | W (x, m)] (131)

(since the bond density is of finite range) and Lemma 2, respectively. Then
applying the identity

1 1 b—a [b-—a]?

a b b2 ab?

with a=1+ ¥ (k,w,) and b=1+ ¥ (0, w,), we have

1 B 1 B0, w,)— Pk, w,)
14+ P(k,w,) 1+ %0, w,) [1+ Z.0,w,)]?

+ O(|k|*) (132)

since a, b= 1/2 and b—a=0(}k|?). It follows from (130) and (132) that
the first term of (129) is O{|k|>**). The proof for the O(|k|>***") behavior
of the second term of (129) can be shown in the same way as in the proof
of (130). This shows (122).

It remains to show (123, 124). We have

. _ (k
‘6“. Y0,w)—0,%. <—, w)

N
k-x

me" WV (x, m) |:1 —cos (—):”
(~\',Zl‘:t) \/;

£

<const- ) me™" |¥ (x, m

) "ii
(x,m) \/’_7

since |1 —cos t| = O(|t|*). Furthermore, since the bond density is of finite
range, we have

(133)

Ik - x//n|® | ¥ (x, m)| < const - n~"*m® | ¥ (x, m)] (134)

By Lemma 2, the right-hand side of (133) is O(n~%?). This shows (124).
We then integrate (124) to get {123).
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